In this paper we firstly obtain two kinds of effective spectral density functions by setting the cut-off frequencies of baths be infinite and finite. Secondly, we investigate the reduced dynamics of open qubits in four kinds of systems constructed with the basic spin-boson model. It is shown that the qubit has different dynamics governed by the two kinds of spectral density functions.
I. INTRODUCTION
As a quantum system of interest interacts with its environment which is also considered being made up of a large number of the quantum particles, solving the dynamics of the total system is in fact an impossible task by now. However, in many cases we are only interested in the dynamics of the quantum system of interest, thus we can investigate the reduced system by using the phenomenological environment as proposed by Caldeira and Leggett [1] . Usually, in this method the environment is modelled by a bath of harmonic oscillators (or other quantum particles) and the influence of the bath on the quantum system is fully enclosed in the so-called spectral density function J(ω). According to the characteristic of the environment one can choose the J(ω) Ohmic, sub-Ohmic, super-Ohmic forms and so on. Thus, the reduced dynamics of the quantum systems can be investigated in detail.
Many such problems have been treated extensively and some significative results have been obtained in the field in past years [2, 3] .
The spectral density functions J(ω) obtained from the microcosmic dynamical model plus its phenomenological environment (MDMPPE) is in good agreement with that obtained from quasi-classical equations of motion satisfied by the system of interest. We can obtain the effective spectral density function (ESDF) following Leggett as follows. Setting where V (q) is a conservative potential. This equation can be obtained from the scheme of MDMPPE. The ESDFs from infinite cut-off frequency of baths for many models are obtained [5] [6] [7] . This method is in fact a universal one.
However, when the temperature of the systems are low enough, we can imagine that the dynamics of the quantum systems of interest obtained from the MDMPPE should have some difference with that from quasi-classical equations of motions. In this case, the highfrequency modes of the bath are in fact suppressed, so the cut-off frequency may be not very large and it may be comparable to the characteristic frequency of the quantum system of interest. So there are at least two differences between the dynamics of normal and low temperature for the quantum systems of interest. The first is that the ESDFs obtained from the MDMPPE at low temperature should not be in accordance with the spectral density functions from quasi-classical equations of motion, and the second is that the system at low temperature must go through a non-Markovian process [8, 9] other than the Markovian one.
With the progress of technique many quantum systems have been designed and manufactured. In particular, many qubit models for making quantum computers in future are proposed in recent years. Most of these quantum systems should work in very low temperature [10, 11] . The non-Markovian effects of baths in the systems have been considered recently [12] [13] [14] [15] . It is reported that in many chemical and biologic systems, the non-Markovian effects may also be important [16] [17] [18] [19] . At very low temperature, the cut-off frequencies of the bath should be finite. Taking a finite cut-off frequency of the bath rather than the infinite one, we shall obtain another kind of the spectral density function. In the following we denote the ESDFs from infinite, and from finite cut-off frequencies of the bath for model x by J I x (ω) (from infinite cut-off frequencies) and J F x (ω) (from finite cut-off frequencies), where x denotes the physical models. A somewhat similar discussion on the problem in completely classical framework has been given in Refs [20, 21] .
In this paper, we shall investigate the ESDFs of four models by using the scheme of MDMPPE at infinite and finite cut-off frequencies of baths. Through the two sets of ESDFs J I x (ω) and J F x (ω) we shall investigate the reduced dynamics of qubits in some practical physical models. They are a quantum system in a bath (model A); a quantum system coupled to an intermediate harmonic oscillator (IHO) and only the latter coupled to a bath (model B); a quantum system coupled to an IHO and both of them coupled to their independent baths (model C) and a common bath (model D).
II. TWO KINDS OF SPECTRAL DENSITY FUNCTIONS AND THE DYNAMICS OF OPEN QUBITS
In this section, we shall obtain two kinds of ESDFs for the models A, B, C, and D when they are reduced to the original spin-boson form. One kind of them are obtained from taking finite cut-off frequencies of baths and the other is gotten by setting the cut-off frequencies of baths infinity. After obtaining the spectral density functions we shall solve the reduced dynamics for the quantum systems of interest when they are set as the qubits. The reduced dynamics governed by the two kinds of ESDFs for the qubits will be compared.
In order to compare the dynamics of the qubit governed by the different effective spectral functions in each model, we choose a same starting point J 0 (ω) for all of the models.
In another word, we always reduce them to the original spin-boson model with the same IHO transformation and set J 0 (ω) = i c
Because the model A is just the original spin-boson model, our work for reducing this model is just reducing it to itself. So in the assumption of infinite cut-off frequency, the obtained ESDF of the model should be equal to the J 0 (ω), which will be shown in the following subsection A. Models B, C, and D are different from the original spin-boson model, so when they are reduced to the original spin-boson form, the ESDFs should be different from the starting function J 0 (ω).
We have calculated the dynamics of the quantum system of interest governed by J I x (ω) and J 
and
we then have
where (see Appendix)
The expression of W (ω) is given in the Appendix. Substituting Eq. (11) into Eq. (7) we have
If taking ω c be infinite, we can easily obtain the spectral density function as If taking ω c be finite, we then obtain the ESDF as
Here, Θ (ω) = Im (W (ω))+e 
This is one of the simplest open models of quantum system but its reduced dynamics can still not be solved exactly, and some approximations must be appealed to. Many investigations on this topic have been made in recent years [23] [24] [25] [26] [27] . As we stressed that when the cut-off frequency is not too large to compare to the characteristic frequency of the qubit, the nonMarkovian effect is non-negligible. The well established iterative tensor multiplication (ITM) algorithm based on the quasiadiabatic propagator path integral (QUAPI) scheme is a good tool for solving the reduced dynamics of quantum system of interest. The ITM algorithm is a numerically exact one and is successfully tested and adopted in various problems of open quantum systems [28] [29] [30] [31] [32] . For details of the scheme, we refer readers to previous works [28] [29] [30] [31] [32] . To make the calculations converge we use the time step δt = 0.1/∆ which is shorter than the correlation time of the bath and the characteristic time of the qubit. In order to include as much non-Markovian effect of the bath as we can, and avoid the heavy calculation load we choose δk max = 3. Here, δk max × δt is the memory times being included in the calculations. In this paper we set T = 300 k, and the initial state of the bath be the 
In the model, the pure Hamiltonian of the quantum system of interest is p 2 q /2µ + U (q). The IHO has mass M and frequency Ω 0 , and is coupled by the quantum system of interest with strength λ. The bath coupled to the IHO is comprised of a set of harmonic oscillators, and their mass, momentum, coordinate, and coupling coefficients are denoted by {m i , p i , x i , c i }.
The introduced κ 1 is a controlling parameter for discussions. It has been shown that the model B can be reduced to the model A through an ESDF of the bath [5, 7] . Setting the cut-off frequency of the bath be infinite, we can obtain the ESDF as
which has been obtained in Ref. [7] . Here, Γ = κ 1 η/M. If the cut-off frequency is finite, the ESDF becomes
Here,
If the quantum system of interest is a qubit the model B can be reduced to a spin-boson model as Eq. (15) 
B. Two developed models (models C and D)
In this section we investigate the other two models C and D. These two models are developed from above two basic models A and B.
Model C: The Hamiltonian of the model C reads
Here, the quantum system of interest interacts with the IHO and both of them are coupled to their independent baths. The bath (B 1 ) coupled to the IHO and the bath (B 2 ) coupled to the quantum system of interest are considered to be constructed with two sets of harmonic oscillators and those mass, momentums, coordinates, and coupling coefficients are denoted by {m α , p α , x α , c α } (α = i for B 1 , and α = j for B 2 ). As κ 1 , the κ 2 is also a controlling parameter for discussion. Similar to above subsection we can obtain an ESDF for the model
when the cut-off frequency of the bath is infinite. Setting the cut-off frequency of the bath be finite, we have the ESDF for the model as
If both λ and κ 1 are equal to zero, namely the quantum system of interest have not any interaction to other systems except for being directly coupled to a bath (where the bath is B 2 ) the model C will reduce to the model A, and from Eqs. (21) and (22), we can obtain
When κ 2 = 0, the model C reduces to the model B which describes a quantum system of interest interacting with its environment through an IHO, and from Eqs. (21) and (22), we
Model D: Model C describes that the quantum system of interest interacts with an IHO and both of them are coupled to two independent baths. However, when the quantum system is very closed to the IHO, they may embed in one common bath, then the Hamiltonian of the total system becomes
Similarly, we can obtain an ESDF from infinite cut-off frequency as
Setting the cut-off frequency of the bath be finite, we have
where
If we set κ 1 = 0, λ = 0, and κ 2 = 1, the model D will reduce to the model A and from Eqs. (26) and (27), we have
Setting κ 2 = 0, the model D will reduce to the model B and from Eqs. (26) and (27), we can
By using the ESDFs J 
III. DISCUSSIONS AND CONCLUSIONS
The spectral density function is in fact a bridge to connect the microcosmic and macroscopical physical quantities in dissipative quantum theory. At low temperature, the excitations of the bath modes with high frequencies are suppressed. So the spectral density function derived from infinite cut-off frequency of the bath will be out-of-true. In this paper we investigate the ESDFs J I/F x (ω) for models (x =A, B, C, D) at infinite and finite cut-off frequencies of baths from the microcosmic dynamical models by using the method initiated by Leggett et. al. As the cut-off frequency of the bath is comparable to the characteristic frequency of the quantum system of interest, the non-Markovian effects may also be important. In this case, it is improper to use any Markovian approximations to investigate the the reduced dynamics of quantum system. So we used a numerically exact ITM algorithm based on the QUAPI scheme solving the reduced dynamics of qubits.
In order to clearly compare the difference of the dynamics of quantum systems resulting from different ESDFs J I x (ω) and J F x (ω), we used the effective coupling constants calculating the dynamics of the qubit in each models and fixed other parameters such as the tempurature is set 300k. It is shown that a qubit (the quantum system of interest) in these models has different dynamics when they are governed by the spectral density functions J I x (ω) and J F x (ω) as the cut-off frequencies are not too large. The difference increase with the decrease of the cut-off frequency. When the cut-off frequencies of the baths are larger about 5 times (for the models based on model A) and 25 times (for the models based on model B) than the characteristic frequency of the qubit, the two kinds of spectral density functions result in almost the same reduced dynamics. In addition, we obtain that a qubit will have longer relaxation and decoherence times when it is coupled to an IHO and both of them are coupled to a common bath rather than to their respective baths. 
IV. APPENDIX
In the Appendix we give a proof of Eq. (11), namely prove equation
and from Fig.5 we see that there is not any singular point in the loop of (L+M 2 0+0M 1 +C).
So by using the Cauchy's theorem we have
For curve L, because
we have
For curve C, we replace pramaters z and ω with r and ϕ and setting z − ω = re iϕ . Because ϕ 2 = π, ϕ 1 = 0, and
For linear M 2 0, the integral becomes = m, we have
with
So we have
From Eqs.(33), (35), (37), and (44) we have the integral in linear 0M 1 as 
